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General Instability of Eccentrically Stiffened Cylindrical Panels
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Georgia Institute of Technology, Atlanta, Ga.

General instability of eccentrically stiffened thin cylindrical panels under the action of three
types of applied loads is investigated. The three loads are uniform axial compression, uniform
hoop compression or lateral pressure, and uniform shear. The analysis is based on a small-
deflection theory for orthotropic shells which includes effects of stiffener eccentricity. Stiff-
ener spacing is assumed to be sufficiently small (smeared technique), the stiffener geometry is
taken to be uniform, and the skin-stiffener connection is assumed to be monolithic. The
Galerkin procedure is employed to solve the buckling equations of the stiffened panels for the
case of classical, simply supported boundaries. Critical loads were calculated from the re-
sultant equations for two geometries: unstiffened isotropic panel and typical panel of the
C-141 fuselage. Effects of stiffener eccentricity, panel aspect ratio, and the curvature param-
eter are shown in graphical form. When the initial curvature is set to zero, the results are
applicable to flat rectangular simply supported plates. Finally, the C-5A Galaxy fuselage
geometry was checked and shown to be safe for general instability failure.

Nomenclature

6 = width of curved plate (along nonzero curvature)
Dxx,Dyy,Dxy = orthotropic flexural and twisting stiffnesses
e = stringer and ring eccentricities
e = nondimensionalized eccentricities [ = Tr2Re/Lz]
Exx,Eyy = orthotropic extensional stiffnesses
Gxy — in-plane skin shear stiffness
kx,ky,kK = applied load coefficients [see Eqs (3)]
L = length of curves plate (along zero curvature)
m = number of half-sine waves in x direction
MX)My)Mxy = moment resultants
n = number of full-sine waves in y direction
N_x)N_y = stress resultants
Nx,Ny,Nxy° = membrane stress resultants
q = applied pressure (positive outward)
R = cylindrical panel radius (to skin midsurface)
w = normal displacement component (radial) of

reference surface points
Zt = curvature parameter [ = { (1 — vz)ExxL*/

12R*Dvyu*}]
dmn = [see Eq. (8)]
'hi 3, pi j = extensional and flexural stiffness parameters

[see Eq. (3)]
v = Poisson's ratio
p = subscript referring to panel
r,st = subscripts referring to ring and stringer, re-

spectively
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Introduction

GENERAL instability of eccentrically stiffened thin shells
is one type of buckling and is defined as loss of stability

in a mode in which all of the components of the stiffened shell
(i.e., the stiffeners and skin) participate and the deformation
extends over the entire surface of the shell. This type of
buckling of eccentrically stiffened complete thin cylindrical
shells has been extensively studied by many authors since the
1930's. (For a fairly complete bibliography, see Refs. 1 and
2.)

Since the complete cylinder results are not directly appli-
cable to the stiffened partial cylindrical panel, general in-
stability of such structural elements is investigated, with
special attention to the effects of stiffener eccentricity, curva-
ture, and panel aspect ratio, under the action of three types of
applied loads. These three types of loads are uniform axial
compression, uniform hoop compression or lateral pressure,
and uniform shear.

Stability studies of curved cylindrical panels of isotropic
geometry under pressure, shear, and axial compression have
been reported by Rafel,3'4 Rafel and Sandlin,5 Schildcraut and
Stein,6 and Batdorf et al.7-8 the effect of a single stiffening
member on the stability of curved cylindrical panels has been
reported by Stein and Yaeger9 and Batdorf and S child cr out.10

For a more complete bibliography and a comprehensive dis-
cussion of these problems, see Refs. 11 and 12.

In the early 1950's, a theory was developed by Stein and
Mayers13 to analyze curved plates of sandwich construction.
The same authors14 used their theory to predict buckling of
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simply supported curved plates of sandwich construction
under uniform axial compression.

The present analysis is based on a small-deflection theory
for orthotropic shells which includes effects of stiffener ec-
centricity. No results have been reported in the open litera-
ture for such geometric configurations. Since the isotropic
geometry and the complete cylinder (stiffened or unstiffened)
are special cases of the configuration under consideration,
these geometries are used as check points for the present
analysis.

Governing Equations

The nomenclature, geometry, and sign convention are the
same as those of Ref. 15. The buckling equation [Eq. (4) of
Ref. 15] is slightly different from that used in the present
analysis. The difference is that in the present analysis it is
assumed that the lateral pressure remains parallel to its
original direction, whereas in Ref. 15 it is assumed that the
pressure remains normal to the deflected midsurface during
buckling.

Note that in this case, as in the case of a complete cylinder,
it is assumed that a primary equilibrium state exists (the
effect of prebuckling deformations is negligible) and the
problem is reduced to a linear eigen-boundary-value problem.

On the basis of the preceding, the governing buckling equa-
tion is

2ksw,xy
l] (1)(LM2[-kxpxxw,xx

l + kvw,v
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Fig. 1 Critical axial compression; effect of aspect ratio
(isotropic).
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The classical, simply supported boundary conditions are
given by (note that the curved plate is L units long in the
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Fig. 2 Critical axial compression; effect of aspect ratio
(stiffened).
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Fig. 3 Critical axial compression; effect of stiffener
positioning.

# direction and 6 units long in the curved y direction)
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Making use of the linearized version of the constitutive and
kinematic relations, the boundary conditions can be ex-
pressed solely in terms of the displacement functions u1, t;1,
wl and then* derivatives. The final form of the boundary
conditions is given by

wl(Q,y) = wl(L,y) = 0
- (Dxx + ex*EXXst)w)XX

l(Q,y) + exEXXstu,xl(Q,y) = 0
- (Dxx + ex*EXXst)w,xx

l(L,y) + exEXXstu)X*(L,y) = 0

wl(x,G) = w^xfi) = 0
- (Dyy + ey*Eyyr)wjyy

l(xjS)' + eyEyyrv,yl(x,ty = 0
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Exxu,xi(Q,y) - exEXXstw,xx
l(Q,y) = 0
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l(L,y) - exEXXstw,xx
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^--(O,?/) = vl(L,y) = 0, ^(XjO) = u1^,^) = 0

EyVVjyl(X,Q) —— eyEyyrW,yyl(xfl) = 0

EyyV,yl(x,b) — eyEyyrw,yyl(Xjb) = 0
Note that all of the preceding boundary conditions are satis-
fied by each term of the following series representation for wl:
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Fig. 4 Critical pressure or hoop compression; effect of
aspect ratio (isotropic).

If the Galerkin procedure is employed and the indicated
integrations are performed, the result is an infinite system of
linear, homogeneous algebraic equations in Amn, or

CO QD

= 0,̂7 !̂ nf^l (m'2 - m2)(n/2 - n2)

form,n = 1,2,... (7)

where m + m1 = odd, n + n' = odd, and where
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One should note that the system of equations given by Eqs.
(7) can be decoupled into two systems, one corresponding to
m db n — even and one to m ± n = odd. The former will be
referred to as symmetric buckling (m ± n = even) and is
characterized by an even number of nodal lines and the anti-
symmetric by an odd number. Thus, in general, two char-
acteristic equations are obtained, and both must be checked in
predicting the critical condition for a given geometry.
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Fig. 5 Critical pressure or hoop compression; effect of
aspect ratio (stiffened).

Note that, in the absence of shear (ks = 0), the charac-
teristic equation reduces to

0 (9)

If shear is present (ft, j£ 0), the characteristic equation is ob-
tained by requiring a nontrivial solution to exist [for the
system of Eqs. (7)]. This leads to the vanishing of the de-
terminant of the coefficients of the Amn's.

Two typical determinants are shown below, one for sym-
metric buckling and one for antisymmetric. The size is kept
to an 8 X 8 strictly for convenience:
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The following load cases are considered for each geometry:

1) uniform axial compression (ftx); 2) uniform lateral pres-
sure or uniform hoop compression (ky) ; and 3) uniform shear
(k,). The characteristic equation for load cases 1 and 2 is
given by Eq. (9), whereas for case 3 it is given by Eqs. (10)
and (11).

A computer program was written, and numerical results
are reported for two geometries: isotropic and typical C-141
fuselage geometry.

The isotropic geometry is characterized by the following
values of the parameters:

Pxx = Pxxp = pyyp = 1

= -J-(l - V)

Pxy = 1 — *>

Fig. 6 Critical pressure or hoop compression; effect of
stiffener positioning.

ky =
ks = TxyhL^/^D =

= (L2/Rh)(l - *>2

where
Z) =
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The isotropic geometry is denoted by "Geometry I."
The typical C-141 fuselage geometry is denoted by "Ge-

ometry II," and it represents the fuselage geometry im-
mediately ai't of the rear landing gear frame of the C-141
Starlifter. This geometry is circular and is characterized by

R = 85 in.

h = 0.05 in.

IXc = 0.034 in.4

Ar = 0.248 in.2

ey = 1.585 in.

/„, = 0.309 in.4

A9t = 0.260 in.2

ex = 0.310 in.

lx = 6 in.

ly = 20 in.

The parameters used in the analysis are computed on the
basis of the preceding data, and they are

\xxp = 0.56
X,,,, - 0.44

pxxp —— Pyyp —— 0

\yyp = 0.56

\vvr = 0.13

Pxx = 0.367

± (0.003647) ev =

\yy = 0.69

\Xy = 0.20

pxy = 0.050

(0.018647)
where the positive sign is associated with external positioning
of the stiff eners, and the negative sign with internal posi-
tioning.

Discussion of Results

A computer program was written, and critical loads are ob-
tained for both geometries. Parametric studies are made by
varying the following parameters:

2) Zt = 0, 1, 10, 30, 100, 300, 1000, 3000 and 10,000.
3) All four combinations of stiffener positioning are con-

sidered: configuration 1, stringers in, rings out (—,+) ;
configuration 2, stringers in, rings in ( — , — ); configuration 3,
stringers out, rings in (+, — ); and configuration 4, stringers
out, rings out (+,+)•

Through this, the effect of stiffener positioning is studied
(for Geometry II). The generated data are presented in
graphical form (in part; see Figs. 1-9), and the results are
discussed individually for each load case. The conclusions
concerning eccentricity effects should not be generalized,
since they were drawn on the basis of the geometry used.

1. Axial Compression

The characteristic equation is given by Eq. (9). This
equation is first solved for kx by setting ky equal to zero, and
critical values for kx are obtained through minimizations with
respect to integer values of m and n. Values of kXci are
plotted vs the curvature parameter Zt in Figs. 1-3.

In Fig. 1, the results for the iso tropic geometry (Geometry
I) are presented. These results are in excellent agreement
with those of previous investigations.6-14 The complete
cylinder results14 appear as a lower bound, and the effect of
aspect ratio L/b is concentrated on the lower end of Z values.
For a given curvature parameter Z and length L, the critical
load increases as the aspect ratio L/b increases.

The results corresponding to the stiffened geometry (Ge-
ometry II) are presented in Figs. 2 and 3. In Fig. 2, the effect
of aspect ratio is presented for configuration 2. This effect is
the same for all other configurations and very similar to that
of the isotropic geometry. The eccentricity effect for L/b =
2, 5, and 10 is similar to that corresponding to the complete
cylinder. For these aspect ratios, the weakest configuration
corresponds to having the rings on the inside and the strongest
to having the rings on the outside for all values of Zt. As far
as stringers are concerned, certain reversals take place. At
the lower values of Zt, inside stringers yield a weaker con-
figuration than outside stringers. At the higher values of
Zt (Zt > 100), this effect is reversed. Thus, for low values
of Zt (Zt < 100), the order in going from the weakest to the

104

102

POINTS FROM REF. 7

102 103 104

Fig. 7 Critical shear; effect of aspect ratio (isotropic).

strongest configuration is 2, 3, 1, 4, whereas for large values of
Zt (Zt > 100), this order becomes 3, 2, 4, 1 (see Fig. 3).
Please note that the difference in critical values at the lower
r ange of Z t is very small.

2. Pressure or Hoop Compression

This load case corresponds to either a pressure loading, in
which case kycr is an index of critical pressure, or to a hoop

10*

Fig. 8 Critical shear; effect of aspect ratio (stiffened).
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Fig. 9 Critical shear; effect of stiffener positioning.

compression, in which case kym is an index of critical com-
pression in the hoop direction. Note that for both of these
cases it has been assumed that a primary state exists, and
therefore the geometry remains cylindrical up to the instant
of buckling.

The characteristic equation is also given by Eq. (9), and
critical loads are obtained by first setting kx = 0 and then
minimizing ky with respect to integer values of m and n.
Values of kyet are plotted vs the curvature parameter Zt in
Figs. 4-6.

In Fig. 4, the results corresponding to the isotropic geometry
are presented. These results are in excellent agreement with
the flat plate classical results (see Ref. 16, compression in the
y direction) and do reduce to the high, circular arch result16

when the panel is taken to be very long.
The effect of aspect ratio L/b is similar to that for kx, with

the exception that for L/b > 1 the curves cross each other for
a small range of Zt values. The curve corresponding to the
complete cylinder appears to be a lower bound for this case
also.

The results corresponding to the stiffened geometry are pre-
sented in Figs. 5 and 6. In Fig. 5, the effect of aspect ratio
L/b is presented for configuration 1, which is the weakest con-
figuration for the entire range of Zt values considered. The
effect of aspect ratio is the greatest at the lower values of Zt,
and it decreases with increasing Zt. This effect is the same
for all four configurations. In this case also, the curve cor-
responding to the complete cylinder appears to be a lower
bound for all values of Zt except Zt < 15 (see Fig. 5). For
this load case, the eccentricity effect is the same as for the
complete cylinder for all values of the aspect ratio L/b.
Furthermore, the order in going from the weakest to the
strongest configuration is independent of the value of the
curvature parameter. This order is 1, 4,2, 3.

Note that, when ky represents the case of pressure loading,
the present results correspond to the case where the loading is
assumed to remain parallel to its original direction during
buckling. It has been shown for complete cylinders17 that

the effect of load behavior, during the buckling process, be-
comes important as the cylinder length becomes very large.

3. Uniform Shear

The characteristic equation for this case is given by either
Eq. (10) or Eq. (11) (not necessarily limited to an 8 X 8
determinant). A program was written such that, when
L/b < %, m = 1 through 5 and n = 1 through 9 for the sym-
metric case and antisymmetric cases. Thus the size of the
determinant for the symmetric case is 23 X 23, whereas the
size of the determinant for the antisymmetric case is 22 X 22.
Similarly, for % < L/b < 2, m = 1 through 7 and n = 1
through 7, which resulted in a 25 X 25 determinant for the
symmetric case, and a 24 X 24 for the antisymmetric case.
Finally, when L/b > 2, m = 1 through 9 and m = 1 through 5.
This was done in order to keep the size of the determinant of
the same order of magnitude and have sufficient modal repre-
sentation along both directions regardless of the L/b ratio.
Numerical results were generated for both geometries, and
part of these data are presented graphically in Figs. 7-9.

In Fig. 7, the results corresponding to the isotropic ge-
ometry are presented. On the same figure, data taken from
Ref. 7 (Table 2) are shown for comparison. Two important
observations are made based on the generated data. First,
the curve corresponding to the complete cylinder appears to
be a lower bound for the critical shear throughout the range
of Z values and for all values of the aspect ratio. Second, for
a given value of Z and a given length, there seems to be an
aspect ratio that corresponds to the weakest configuration.
This value of L/b is a function of the curvature parameter.
Note from Fig. 7 that for Z < 80 the weakest configuration
corresponds to L/b = -g-. As Z increases, the weakest con-
figuration changes to L/b = % (80 < Z < 130), to £ (130 <
Zt < 300), etc. For 1250 < Z < 10,000, the weakest con-
figuration corresponds to L/b = 2.

In comparing the present results with those of Ref. 7, it is
observed that the agreement for L/b = |-, -f, 1, and 2 is ex-
cellent (calculated data taken from Table 2 of Ref. 7).
Furthermore, the curves shown on Fig. 1 of Ref. 7 agree with
the present results. The difference is that in Ref. 7 very
limited data were generated, and the reader, when studying
this Fig. 1 of Ref. 7, is under the impression that the com-
plete cylinder results and the results corresponding to L/b = 1
represent the lower and upper bounds, respectively. This is
not so, and the curve crossings are not shown (see Fig. 7).
At this point, the reader should be cautioned as to the validity
of the results for large values of the curvature parameter.
As the curvature parameter increases, in general, the wave-
lengths decrease, and harmonics higher than those considered
are needed to represent the buckled form sufficiently. In
this case, a larger size determinant must be used.

In Fig. 8, the effect of aspect ratio is shown for configuration
2 of the stiffened geometry. This effect is the same for all
other configurations. Configuration 2 (both stiffeners on the
inside) represents the weakest configuration for the entire
range of Zt values. This effect is the same as for the isotropic
geometry. These curves do cross over, and for Zt < 70 the
critical shear corresponding to L/b = -g- is the smallest. As
Zt increases, changes take place, and for Zt > 200 the critical
shear corresponding to L/b = 1 is the smallest. Further-
more, the curve corresponding to the complete cylinder is a
lower bound for Zt > 30.

The effect of stiff ener positioning is shown in Fig. 9. From
the generated data, the following observations may be re-
ported for the stiffened geometry. For the lower values of
Zt, the effect of stiffened positioning is identical to that of the
complete cylinder.1 For the complete cylinder, inside rings
yield a weaker configuration than outside rings (primary
effect). Furthermore, inside stiffeners have a weakening
effect. Thus, in going from the weakest to the strongest
configuration, one may write 2, 3, 1, 4. At the higher values
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of Z«, the effect of stiffener positioning for the panel deviates
from that for the cylinder. The primary effect is the posi-
tioning of the stringers rather than rings. Thus, the order in
going from the weakest to the strongest configuration be-
comes 2, 1, 3, 4. The value of Z« at which the just-described
reversal takes place depends on the aspect ratio. The lower
range in which the cylinder behavior is noticed increases with
increasing L/b values, to the point that at L/b = 5 and 10 the
entire Zt range considered belongs in the cylinder behavior
range. This means that, for L/b = 5 and 10 and 0 < Zt <
10,000, the order in going from the weakest to the strongest
configuration is 2, 3,1,4.

General Instability Loads for the C-5A Fuselage

The present program was used to predict the general in-
stability loads for the C-5A Galaxie fuselage side panels.
Three configurations were used which are typical for different
fuselage stations. Because the stringer spacing varies from
20 to 35 in., four values for lr were considered: lr = 20, 25,
30, and 35 in. In addition, the length of the panel was con-
sidered to be 2R, 3R, and 4R. The common data, for all
three configurations, that characterize the C-5A geometry are
R = 143 in. Ar = lA in.2 Iye = 10 in.4 ey = -3 in.

lx = 7.8 in. b = 176 in. E = 107 psi

The data that characterize the three configurations are as
follows: configuration A, Ax = 0.26 in.2, IXc = 0.06 in.4,
h = 0.125 in., ex = — 1.17 in.; configuration B, Ax = 0.25
in.2, IXc = .06 in.4, h = 0.100 in., ex = —1.15 in.; and con-
figuration C, Ax = 0.18 in.2, IXe = 0.041 in.4, h = 0.085 in.,
ex = - 1.21 in.

From the computed loads, it was found that the smallest
compressive critical stress is 88,820 psi, corresponding to
configuration A, lr = 35 in., and it is independent of the L/R
ratio. The smallest critical pressure is 21.73 psi, corre-
sponding to configuration C, lr = 35 in., and L/R = 4.
Finally, the smallest critical shear stress is 118,800 psi, cor-
responding to configuration A, lr = 35 in., and L/R = 3.
Since the critical stresses are much greater than the ultimate
stresses (in shear and compression) of the material used, it is
concluded that the C-5A Galaxy geometry is not critical for
general instability failure.
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